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Abstract

The concept of /0-stability and /0-boundedness recently were introduced for systems

of ordinary differential equations (ODEs). Perturbing Liapunov function method was

discussed for systems of ODEs and extend to systems of functional differential equations

(FDEs). In this paper, we extend these notions to impulsive systems of differential equa-

tions via cone perturbing Liapunov function method.

� 2004 Elsevier Inc. All rights reserved.
1. Introduction

The problem of qualitative mathematical theory of impulsive systems of

differential equations has been interest by a great numbers of mathematicians

Bainov and Simeonov [2,3], Kulev and Bainov [4], Lakshmikantham
et al. [7], Somoilenko and Perslyuk [8]. Furthermore these systems are ade-

quate mathematical models for numerous processes and phenomena studied

in biology, physics technology, etc.
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The main purpose of this paper is to extend the notion of /0-stability and

/0-boundedness to impulsive systems of differential equations via cone per-

turbing Liapunov function. This method is also extend of both perturbing Lia-

punov function of [5], and cone-valued Liapunov function method of [6], for a

cone in cone-valued Liapunov function method is unit element or Liapunov

function is unperturbed function, this method becomes Liapunov direct
method, and for the motivation of this work is the recent work of [1,4,5].

Let Rs be an s-dimensional Euclidean space with a suitable norm k Æ k. Let
Rþ ¼ ½0;1Þ. Define

SiðqÞ ¼ fx 2 Rj : kxk < q; q > 0g:

Consider the system of differential equations with impulses

x0 ¼ f ðt; xÞ þ hðt; yÞ; t 6¼ siðx; yÞ; Dxjt¼siðx;yÞ ¼ AtðxÞ þ BtðyÞ;
y0 ¼ F ðt; x; yÞ; t 6¼ siðx; yÞ; Dyjt¼siðx;yÞ ¼ Ctðx; yÞ;

)
ð1:1Þ

where x 2 Rn, y 2 Rm, f : Rþ � SnðqÞ ! Rn, h : Rþ � SmðqÞ ! Rm, F : Rþ �
SnðqÞ � SmðqÞ ! Rm, At : S

nðqÞ ! Rn, Bt : S
mðqÞ ! Rm, Ct : S

nðqÞ � SmðqÞ !
Rm, si : S

nðqÞ � SmðqÞ ! R1.

Dxjt¼sðx;yÞ ¼ xðt þ 0Þ � xðt � 0Þ; Dyjt¼sðx;yÞ ¼ yðt þ 0Þ � yðt � 0Þ:

Let x(t, t0, x0, y0), y(t, t0, x0, y0) be solution of the system (1.1), satisfying the

same initial values x(t0 + 0, t0, x0, y0) = x0, y(t0 + 0,t0, x0, y0) = y0 for t0 2 Rþ,

x0 2 Sn(q), y0 2 Sm(q). The solution (x(t), y(t)) of the system (1.1) are piecewise

continuous functions with points of discontinuity of the first type in which they

are left continuous, i.e. at the moment ti when the integral curve of the solution

(x(t), y(t)) meets the hypersurface

rt ¼ fðt; x; yÞ 2 Rþ � SnðqÞ � SmðqÞ : t ¼ siðx; yÞg:
The following relations are satisfied:

xðti � 0Þ ¼ xðtiÞ; Dxjt¼ti ¼ AtðxðtiÞÞ þ BtðyðtiÞÞ;

yðti � 0Þ ¼ yðtiÞ; Dyjt¼ti ¼ CtðxðtiÞ; yðtiÞÞ;

together with system (2.1), we consider the following system with impulses:

x0 ¼ f ðt; xÞ; t 6¼ siðx; 0Þ; Dxjt¼siðx;0Þ ¼ AtðxÞ: ð1:2Þ

Let

st ¼ fðt; xÞ 2 Rþ � SnðqÞ : t ¼ siðx; 0Þg:
For any subset E1 � Rn, we denote by E1, Ec

1, and oE1 the closure, the comple-

ment, and the boundary of E1 respectively. Furthermore for any subset
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E2 � Rn, we denote by E2, Ec
2, and oE2 the closure, the complement, and the

boundary of E2 respectively, where S = S1 [ S2 and E = E1 [ E2.

The following definitions are depending on that given in [1,6].

Definition 1. A proper subset K1 of Rn or a proper subset K2 of Rm is called a

cone if

(i) kKi � Ki, k P 0,

(ii) Ki + Ki � Ki,

(iii) Ki ¼ Ki,

(iv) K�
i 6¼ ;,

(v) Ki \ (�Ki) = {0},

where Ki and K�
i denote the closure and interior of Ki respectively, and oKi de-

notes the boundary of Ki, i = 1, 2, it follows that K ¼ K1 [ K2 � Rn [ Rm be a

cone in Rn [ Rm.

As in [1,5] we introduce the following definitions.
Definition 2. The set K* is called the adjoint cone if

K� ¼ f/ 2 Rn [ Rm : ð/; xþ yÞ P 0 for x 2 K1 � K; y 2 K2 � Kg
satisfies the properties (i)–(v) of Definition 1, where (/, x + y) 6 k/k(kxk +
kyk). For m > n, x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , ym). Thus

xþ y ¼ ðx1; x2; . . . ; xn; ; 0; 0; . . . ; 0Þ þ ðy1; y2; . . . ; ymÞ
¼ ðx1 þ y1; x2 þ y2; . . . ; xn þ yn; ynþ1; . . . ; ymÞ;
x 2 oKi iff (/, x) = 0, for some / 2 K�
i0, K

�
i0 ¼ Ki0 n f0g, i = 1, 2.

Definition 3. A function g : D ! Rn, D � Rn is called quasimonotone relative

to the cone Ki, i = 1, 2, if x, y 2 D and y � x 2 oKi, then there exists /0 2 K�
i0

such that (/0, y � x) = 0 and (/0, g(y) � g(x)) P 0.

Definition 4. A function b(r) is said to be belong the class K if a 2 C½Rþ;Rþ�,
b(0) = 0, and b(r) is strictly monotone increasing in r. Let s0(x, y) = 0 for

(x, y) 2 Sn(q) · Sm(q).
Following [4] we define the sets

Gi ¼ fðt; x; yÞ 2 Rþ � SnðqÞ � SmðqÞ : si�1ðx; yÞ < t < siðx; yÞg;

Xi ¼ fðt; xÞ 2 Rþ � SnðqÞ : si�1ðx; 0Þ < t < siðx; 0Þg:
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As in [4], we use the classes V0 and W0 of piecewise continuous functions

which are analogue to Liapunov functions.

Definition 5 [4]. We say that the function V : Rþ � SnðqÞ � SmðqÞ ! K
belongs to the class V0 if the following conditions hold:

(1) The function V is continuous in
S1

i¼1Gi and is locally Lipschitzian with

respect to x and y in each of the sets Gi, and V(t, 0, 0) = 0 for t 2 Rþ.

(2) V(t0 � 0, x0, y0) = V(t0, x0, y0), for each i = 1, 2, . . . and for any point

(t0, x0, y0) 2 rt the following limits:

V ðt0 � 0; x0; y0Þ ¼ lim
ðt;x;yÞ!ðt0;x0;y0Þ

ðt;x;yÞ2Gi

V ðt; x; yÞ;

V ðt0 þ 0; x0; y0Þ ¼ lim
ðt;x;yÞ!ðt0;x0;y0Þ

ðt;x;yÞ2Giþ1

V ðt; x; yÞ

are exist.

(3) For any point (t, x, y) 2 rt, the following inequality holds:

V ðt þ 0; xþ AtðxÞ þ BtðyÞ; y þ Ctðx; yÞÞ 6 V ðt; x; yÞ: ð1:3Þ
Definition 6 [4]. We say that the function W : I · Sn(q)! K belongs to the

class W0 if the following conditions hold:

(1) The function W is continuous in
S1

1 Xi and is locally Lipschitz with respect

to x in each of the sets Xi, W(t0 � 0, x0) = W(t0, x0), W(t, 0) = 0, for

t 2 Rþ, and the following limits:

W ðt0 � 0; x0Þ ¼ lim
ðt;xÞ!ðt0;x0Þ

ðt;xÞ2Xi

W ðt; xÞ;

W ðt0 þ 0; x0Þ ¼ lim
ðt;xÞ!ðt0;x0Þ

ðt;xÞ2Xi

W ðt; xÞ

are exist.

(2) For any point (t, x) 2 st, the following inequality holds:

W ðt þ 0; xþ AtðxÞÞ 6 W ðt; xÞ: ð1:4Þ

Let V 2 V0, and x(t), y(t) be a solution of (1.1), for ðt; x; yÞ 2
S1

1 Gi follow-

ing [4] we define

DþV 1ðt;x;yÞ ¼ lim
s!0

½V ðtþ s;xþ sðf ðt;xÞþ hðt;yÞÞ;yþ sF ðt;x;yÞÞ� V ðt;x;yÞ�;
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and V 0
1ðt; x; yÞ ¼ DþV ðt; x; yÞ, t 5 si(x, y), where D

+V(t, x, y) is the upper right

Dini derivative of the function V(t, x, y).

Analogously one can define the function W 0
ð1:2Þðt; xÞ for an arbitrary function

W 2 W0 for ðt; xÞ 2
S1

1 Xi. The following definition is new and related with

that of [1,4].
Definition 7. The zero solution of system (2.1) is said to be /0-equistable if for

all � > 0, for all t0 2 Rþ, there exist d = d(t0, �) > 0, for all (x0, y0) 2
(Sn(q) · Sm(q)) such that for /0 2 K�

0,

ð/0; x0 þ y0Þ < d implies ð/0; x
�ðt; t0; x0; y0Þ þ y�ðt; t0; x0; y0ÞÞ < �; t P t0;

where x* and y* is the maximal solution of (1.1).

Definition 8. The zero solution of (1.1) is /0-bounded if for a > 0, t0 2 Rþ,
there exists b(t, a) > 0 such that for /0 2 K�

0,

ð/0; x
� þ y�Þ < a;

provided that (/0, x0 + y0) < b(t, a).

Definition 9. We say conditions (A) hold if the following conditions are

satisfied:

(A1) The functions f(t, x), h(t, y), and F(t, x, y) are continuous in their defini-

tions domains and f(t, x) is quasimonotone in x relative to the cones K1,

and F(t, x, y) is quasimonotone in x and y relative to the cones K1 and K2,

f(t, 0) = h(t, 0) = 0, F(t, 0, 0) = 0 for t 2 Rþ, and there exists a constant

L > 0 such that

F ðt; x; yÞ 6 L; ðt; x; yÞ 2 Rþ � SnðqÞ � SmðqÞ:
(A2) There exists a continuous function P : I ! I such that

P ð0Þ ¼ 0 and khðt; yÞk 6 P ðkykÞ for ðt; xÞ 2 Rþ � SnðqÞ:
(A3) The functions At, Bt, Ct are continuous in their definitions domains and

At(0) = Bt(0) = Ct(0, 0) = 0, and for x 2 Sn(q) and y 2 Sm(q), then

kxþ AtðxÞ þ BtðyÞk 6 kxk and ky þ ctðx; yÞk 6 kyk; i ¼ 1; 2:

(A4) The functions si(x, y) are continuous and for (x, y) 2 Sn(q) · Sm(q) the
following relations hold: 0 < s1(x, y) < s2(x, y) < � � � < limt!1si(x, y) =

1 uniformly in Sn(q) · Sm(q), and

inf
SnðqÞ�SmðqÞ

siþ1ðx; yÞ � sup
SnðqÞ�SmðqÞ

siðx; yÞ P h > 0; i ¼ 1; 2; . . .
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(A5) For each point ðt0; x0; y0Þ 2 Rþ � SnðqÞ � SmðqÞ, the solution x(t, t0, x0),

y(t, t0, x0, y0) of the system (2.1) is unique and defined in (t0,1).

(A6) For each point ðt0; x0Þ 2 Rþ � SnðqÞ the solution x(t, t0, x0) of system

(2.2) satisfying x(t0 + 0, t0, x0) = x0 is unique and exists for all t 2 (t0,1).

(A7) The integral curve of each solution of system (1.1) meets each of the

hypersurfaces {rt} at most once.
2. /0-boundedness

The following result discussed concept of /0-boundedness of the system

(1.1) via cone perturbing Liapunov function

Theorem 1. Let the conditions (A) be satisfied, and E1;E2 � Rn be compact

subsets. Suppose that there exist two functions V 1ðt; x; yÞ 2 C½Rþ�
ðEc

1 \ E
c
2Þ;K�; V 2ðt; x; yÞ 2 C½Rþ � SnðqÞ � SmðqÞ;K�, and there exist two func-

tions g1 2 C½Rþ � Rþ;K� g2 2 C½Rþ � Rþ;K� with V1(t, 0, 0) = V2(t, 0, 0) =

g1(t, 0) = g2(t, 0) = 0 such that

(H1) V1(t, x, y) is bounded and Lipschitzian in x and y relative to the cones K1

and K2 respectively, and

DþV 1ðt; x; yÞ 6 g1ðt; V 1ðt; x; yÞÞ; ðt; x; yÞ 2 Rþ � E
c
1 \ E

c
2: ð2:1Þ

(H2) V2(t, x, y) is Lipschitzian with respect to x and y relative to the cones K1

and K2 respectively, and

bð/0; x
� þ y�Þ 6 ð/0; V 2ðt; x; yÞÞ 6 að/0; x

� þ y�Þ; ð2:2Þ
where a; b 2 K; ðt; x; yÞ 2 Rþ � SnðqÞ � SmðqÞ.

(H3) For each ðt; x; yÞ 2 Rþ � SnðqÞ � SmðqÞ,
Dþð/0; V 1ðt; x; yÞÞ þ Dþð/0; V 2ðt; x; yÞÞ 6 g2ðt; V 1ðt; x; yÞ þ V 2ðt; x; yÞÞ:

ð2:3Þ
(H4) If the zero solution of the system differential equation

u0 ¼ g1ðt; uÞ; uðt; uÞ P u0 ð2:4Þ
is /0-bounded, and if the zero solution of the system differential equation

w0 ¼ g2ðt;wÞ; wðt0Þ P w0 ð2:5Þ
is uniformly /0-bounded.

Then the zero solution of (1.1) is /0-bounded.
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Proof. Since E1, E2 are compact subsets of Rn, there exists q > 0 such that

Sn0ðqÞ, Sm0 ðqÞ � ðE1 \ E2;q0Þ for some q0 > 0, where

SðE1 \ E2; q0Þ ¼ fx 2 Rn : dðxt;E1 \ E2Þ < q0g
and

dðx;E1 \ E2Þ ¼ inf
y2E1\E2

kx� yk:

Let t 2 Rþ, a 6 q be given, and a1 = a1(t0, a) = max(a0, a*), where

a0 ¼ max
h
V 1ðt0; x0; y0Þ : x0; y0 2 SnðaÞ \ SmðaÞ \ Ec

i

and a* P V1(t, x, y), for ðt; x; yÞ 2 Rþ � oðE1 \ E2Þ, where Ec ¼ Ec
1 [ Ec

2, and

E = E1 [ E2. Since the zero solution of (2.4) is /0-bounded, given a1 > 0 and

t0 2 Rþ, there exists b0 = b0(t, a1) > 0 such that for /0 2 K�
0

ð/0; r1ðt; t0; u0ÞÞ < a1; ð2:6Þ

whenever (/0, u0) < b0, where r1(t, t0, u0) is the maximal solution of (2.4).
Also, since the zero solution of (2.5) is uniformly /0-bounded, given a2 > 0,

t0 2 Rþ, there exists b1(a2) > 0 such that for /0 2 K�
0,

ð/0; r2ðt; t0; u0ÞÞ < a2 ð2:7Þ
provided that (/0, w0) < b1(a2), where r2(t, t0, w0) is the maximal solution of

(2.5).

Now, we choose u0 = V1(t0, x0, y0), and a2 = a(a) + b0. As b(u)! 1 with
u ! 1, we can choose b = b(t0, a) such that

bðbÞ > b1ða2Þ: ð2:8Þ
Now, to prove that the zero solution of (1.1) is /0-bounded, it must be shown

that (/0, x0 + y0) 2 Sn(a) \ Sm(a) implies for the maximal solution x*(t, t0, x0),

y*(t, t0, x0) satisfies (/0, x*(t, t0, x0) + y*(t, t0, x0)) 6 b(t0, a).
Suppose that this is not true, then there exists t* > t0, a > 0, with

(/0, x0 + y0) 2 Sn(a) \ Sm(a) such that for /0 2 K�
0,

lim
t!1

ð/0; x
�ðt�; t0; x0Þ; y�ðt; t0; x0ÞÞ ¼ b:

Since S(E, q) � S(a), there are two possibilities to consider:

(I) x(t, t0, x0), y(t, t0, x0) 2 Ec for t 2 [t0, t*].

(II) There exists t2 P t0 such that

xðt; t0; x0Þ 2 oE; xðt; t0; x0Þ 2 Ec for t 2 ½t0; t��:
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If case (I) is true, then we can find t1 > t0 such that

ð/0; x
�ðt1; t0; x0Þ þ y�ðt1; t0; x0ÞÞ 2 oðS1ðaÞ \ S2ðaÞÞ;

ð/0; x
�ðt�; t0; x0Þ þ y�ðt�; t0; x0ÞÞ 2 oðS1ðbÞ \ S2ðbÞÞ;

ð/0; x
�ðt; t0; x0Þ þ y�ðt; t0; x0ÞÞ 2 oðS1ðaÞ \ S2ðaÞÞ; t 2 ½t0; t��:

9>>=
>>; ð2:9Þ

Setting

mðtÞ ¼ V 1ðt; xðt; t0; x0Þ; yðt; t0; x0ÞÞ þ V 2ðt; xðt; t0; x0Þ; yðt; t0; x0ÞÞ; t 2 ½t1; t��:

It is easy to obtain, from (2.3), and thus from [6],

DþmðtÞ 6 g2ðt;mðtÞÞ; t 2 ½t1; t��:
Consequently, by comparison Theorem 1.4.1 of [6], we get

ð/0;mðtÞÞ 6 ð/0; r2ðt; t1mðtÞÞÞ; t 2 ½t1; t��;/0 2 K�
0;

where r2(t, t1, w0) is the maximal solution of (2.5) such that r2(t1, t1, w0) = w0.

Thus

V 1ðt�; xðt�; t0; x0Þ; yðt�; t0; x0ÞÞ þ V 2ðt�; xðt�; t0; x0Þ; yðt�; t0; x0ÞÞ
6 r2ðt�; t1; V 1ðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞ þ V 2ðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞÞ:

ð2:10Þ

Similarly, from (2.1) we have

V 1ðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞ 6 r1ðt1; t0; V 1ðt0; x0; y0ÞÞ;
and thus for /0 2 K�

0,

ð/0; V 1ðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞÞ 6 ð/0; r1ðt1; t0; V 1ðt0; x0; y0ÞÞÞ; ð2:11Þ
where r1(t1, t0, u0) is the maximal solution of (2.4).

From the fact that u0 = V1(t0, x0, y0) < a1, and (2.6) yield

ð/0; r1ðt1; t0; V 1ðt0; x0; y0ÞÞÞ 6 a1 for ð/0; u0Þ < b0: ð2:12Þ
Furthermore for /0 2 K�

0,

ð/0; V 2ðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞÞ 6 aðaÞ; ð2:13Þ
where a(a) = k/0kka3(a)k, a3(a) > 0, from (2.12) and (2.13), we have

ð/0;w0Þ ¼ ð/0; V 1ðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞÞ
þ ð/0; V 2ðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞÞ < aðaÞ < a2: ð2:14Þ

Hence, from (2.2), (2.7)–(2.10), (2.14), and the fact that V1 P 0,

bðbÞ 6 b1ða2Þ 6 bðbÞ: ð2:15Þ
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If the case (II) holds, we again arrive at the inequality (2.10), where t1 > t

satisfies (2.9). Now, we have in place of (2.11) the inequality

V 1ðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞ 6 r1ðt1; t2; V 1ðt2; xðt2; t0; x0Þ; yðt2; t0; x0ÞÞÞ:
Since x(t2, t0, x0), y(t2, t0, x0) 2 oE and V1(t2, x(t2, t0, x0), y(t2, t0, x0)) 6
a* 6 a1. Thus, we get the same contradiction in (2.15). This proves that

ð/0; x
�ðt; t0; x0Þ þ y�ðt1; t0; x0ÞÞa2;

whenever (/0, x0 + y0) < b1(t0, a2), and the proof is completed. h
3. /0-Equistability

In this section, we discuss the notion of /0-equistability property of the sys-

tem of (1.1) via cone perturbing Liapunov function method. Define the follow-

ing set:

Z ¼ fðx; yÞ : ðx; yÞ 2 ðSnðqÞ \ SncðgÞÞ � ðSmðqÞ \ Smc ðgÞÞg:

Theorem 2. Let the conditions (A) be satisfied and assume that there exist two

functions V 1ðt; x; yÞ 2 C½Rþ � SnðqÞ � SmðqÞ;K�; V 2ðt; x; yÞ 2 C½Rþ � Z;K�, for

any g > 0,V1(t, 0, 0) � V2(t, 0, 0) = 0, where SjcðgÞ is the complement of Sj(g),

j = n, m. Further assume that there exist two functions g1 2 C½Rþ � Rþ;K�; g2 2
C½Rþ � Rþ;K� with g1(t, 0) = g2(t, 0) = 0 such that

(H5) V1(t, x, y) is bounded and Lipschitzian in x and y relative to the cones K1

and K2 respectively, and

Dþð/0; V 1ðt; x; yÞÞ 6 g1ðt; V 1ðt; x; yÞÞ; ðt; x; yÞ 2 Rþ � SnðqÞ � SmðqÞ:

(H6) V2Æg(t,x,y) is locally Lipschitzian in x and y relative to the cones K1, and

K2 respectively, such that

að/0; xþ yÞ 6 ð/0; V 2�gðt; x; yÞÞ
6 bð/0; xþ yÞ; ðt; x; yÞ 2 Rþ � SnðqÞ � SmðqÞ; a; b 2 K:

(H7) For ðt; x; yÞ 2 Rþ � SnðqÞ � SmðqÞ,
DþV 1ðt; x; yÞ þ DþV 2ðt; x; yÞ 6 g2ðt; V 1ðt; x; yÞ þ V 2ðt; x; yÞÞ:

If the zero solution of the differential equations

u0 ¼ g1ðt; uÞ; uðt; t0; u0Þ ¼ u0 P 0 ð3:1Þ
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is /0-equistable, and if the zero solution of

v0 ¼ g2ðt; vÞ; vðt; t0; v0Þ ¼ v0 P 0 ð3:2Þ
is uniformly /0-stable, then the zero solution of the system (2.1) is /0-
equistable.

Proof. From our assumption, the zero solution of (2.5) is uniformly /0-stable,

let 0 < � < q, given b(�) > 0 and t0 2 Rþ, there exists d0 = d0(�) > 0 such that for

/0 2 K�
0

ð/0; r2ðt; t0;w0ÞÞ < bð�Þ; t P t0; ð3:3Þ
provided that (/0,w0) < d, where r2(t, t0,w0) is the maximal solution of (2.5).

From the condition (H6), there exists d2 = d2(�) > 0 such that

aðd0Þ <
d
2
: ð3:4Þ

From our assumption, the zero solution of (2.4) is /0-equistable, given
d
2
, and

t0 2 Rþ, there exists d* = d*(t0, �) > 0 such that for /0 2 K�
0

ð/0; r1ðt; t0; u0ÞÞ <
d
2
; t P t0; ð3:5Þ

provided that (/0,u0) < d*, r1(t, t0,u0) being the maximal solution of (2.4).
Following [7], choose u0 = V1(t0,x0,y0), since V1(t,x,y) is continuous and

V1(t, 0,0) = 0, there exists d1 > 0 such that for /0 2 K�
0

ð/0; x0Þ < d ) ð/0; V ðt0; x0; y0ÞÞ < ��; t P t0; ð3:6Þ

holds simultaneously, we set d = min(d1, d2).
Now, to prove that the zero solution of (1.1) is /0-equistable, i.e.,

ð/0; x0 þ y0Þ < d ) ð/0; x
� þ y�Þ < �; t P t0:

Suppose that this is not true, there exist t1, t2 > t0 such that for (/0, x0 +

y0) < d,

ð/0; x
�ðt1; t0; x0Þ þ y�ðt1; t0; x0ÞÞ 2 oðS1ðd2Þ \ S2ðd2ÞÞ;

ð/0; x
�ðt2; t0; x0Þ þ y�ðt2; t0; x0ÞÞ 2 oðS1ð�Þ \ S2ð�ÞÞ;

ð/0; x
�ðt; t0; x0Þ þ y�ðt; t0; x0ÞÞ 2 Sð�Þ \ Scðd0Þ; t 2 ½t1; t2�:

8><
>: ð3:7Þ

Let d2 = g. So that the condition (H6) is assured. Setting

mðtÞ ¼ V 1ðt; xðt; t0; x0Þ; yðt; t0; x0ÞÞ þ V 2�gðt; xðt; t0; x0Þ; yðt; t0; x0ÞÞ; t 2 ½t1; t0�;

we get for /0 2 K�
0,

Dþð/0;mðtÞÞ 6 g2ðt;mðtÞÞ; t 2 ½t1; t2�;
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which yields

ð/0; V 1ðt2; xðt2; t0; x0Þ; yðt2; t0; x0ÞÞ þ V 2�gðt2; xðt2; t0; x0Þ; yðt2; t0; x0ÞÞÞ
6 ð/; r2ðt1; t0; V 1ðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞ

þ V 2�gðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞÞÞ;
where r2(t1, t0, w0) is the maximal solution of (2.5), and r2(t1, t0, w0) = w0. Also,

we have for /0 2 K�
0,

ð/0; V 1ðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞÞ 6 ð/0; r1ðt1; t0; V 1ðt0; x0; y0ÞÞÞ;
where r1(t1, t0, u0) is the maximal solutions of (2.4).

By (3.5) and (3.6), we have

ð/0; V 1ðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞÞ 6
d
2
: ð3:8Þ

From (3.4) and (3.7), we get

ð/0; V 2�gðt1; xðt1; t0; x0Þ; yðt1; t0; x0ÞÞÞ 6
d
2
: ð3:9Þ

Thus (3.3), (3.7)–(3.9), (H6) yield the following contradiction:

bð�Þ ¼ bð/0; x
�ðt1; t0; x0Þ þ y�ðt1; t0; x0ÞÞ

6 ð/0; V 2�gðt1; x�ðt1; t0; x0ÞÞ; yðt1; t0; x0ÞÞ
6 að/0; x

�ðt2; t0; x0Þ þ y�ðt1; t0; x0ÞÞ
¼ aðdÞ 6 bð�Þ:

Thus, the zero solution of (1.1) is /0-equistable, and the proof is
completed. h
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